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A CAPACITABILITY THEOREM IN MEASURABLE
GAMBLING THEORY

A. MAITRA, R. PURVES, AND W. SUDDERTH

ABSTRACT. A player in a measurable gambling house I" defined on a Polish
state space X has available, for each x € X, the collection XZ(x) of possible
distributions ¢ for the stochastic process xj, X3, ... of future states. If the
object is to control the process so that it will lie in an analytic subset 4 of
H = X x X x --- , then the player’s optimal reward is

M(A)(x) = sup{o(A4): 0 € Z(x)}.
The operator M(+)(x) is shown to be regular in the sense that
M(A4)(x) = inf M({1 < oo})(x),

where the infimum is over Borel stopping times 7 such that 4 C {7 < oo}.
A consequence of this regularity property is that the value of M(A4)(x) is un-
changed if, as in the gambling theory of Dubins and Savage, the player is allowed
to use nonmeasurable strategies. This last result is seen to hold for bounded,
Borel measurable payoff functions including that of Dubins and Savage.

1. INTRODUCTION

Let X be a nonempty Borel subset of a Polish space and let P(X) be the col-
lection of countably additive probability measures defined on the Borel subsets
of X. Give P(X) its usual weak topology so that it too has the structure of a
Borel subset of a Polish space (see Parthasarathy [16] for information about the
weak topology on P(X)). An analytic gambling house T is a mapping which
assigns to each x € X a nonempty subset I'(x) of P(X) in such a way that
the set

I'={(x,7) €X xP(X): y € T(x)}

is analytic. Starting at some initial state x € X, a player in the house I
chooses a measurable strategy o available at x , which means a sequence g =
(69, 01, ...), where gp € I'(x) and, for n =1, o, is a universally measurable
mapping from X" to P(X) such that g,(x;, X2, ..., x») € I'(x,) for every
(x1, X2, ..., Xn) € X". Every measurable strategy ¢ determines a probability
measure, also denoted by o, on the Borel subsets of

H=XxXx.--.
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The probability measure ¢ can be regarded as the distribution of the coordinate
process h = (hy, hy, ...), where h; has distribution gy and A,,; has condi-
tional distribution 6,(x;, X2, ..., Xn) given by = X1, hy = X2, ..., hy = Xp .
For each x € X, let (x) be the collection of measurable strategies available
at x.

The optimal reward operator M assigns to each bounded, universally mea-
surable function g: H — R the function Mg defined on X by

(Mg)(x) = sup{(/ga’a: g€ Z(x))} .

If g is the indicator function of a universally measurable set B, we write M (B)
for Mg. Thus, for fixed x, M(-)(x) is a set function. Regularity properties
of this set function were studied in earlier papers [12, 13, 19] and the major
result of the present work is another such property which is analogous to the
capacitability theorem of Choquet [2].

To state the result, it is convenient to introduce two topologies on H . Let T;
be the product topology on H when X is assigned the topology under which
it is a Borel subset of a Polish space, and let 75 be the product topology on H
when X has the discrete topology. The words “Borel,” “analytic,” “coanalytic,”
and “universally measurable,” when used to qualify subsets of H , will refer to
the topology T), while the words “closed,” “open,” “clopen,” and “G;y,” will
refer to 7,. For a subset E of H, define the function M*(E) on X by

M*(E)(x) = inf{M(0)(x): E C 0 and O is Borel, open}.
Our main result is the following theorem.
Theorem 1.1. If A is an analytic subset of H, then M(A) = M*(A4).

This theorem was proved in [13] for the special case when X is countable
and also for the special case when I'(x) is finite for every x. For these cases,
it was shown in [13] that M *(-)(x) is a right-continuous (with respect to the
topology 7)) capacity for each x. The result then follows from the capac-
itability theorem. It was also shown in [13] that M*(-)(x) is not a capacity in
general.

The proof of Theorem 1.1 will use ideas and techniques from the proof of the
capacitability theorem, but also from gambling theory and effective descriptive
set theory. The principal difficulty in proving Theorem 1.1 is in establishing the
measurability of the function M*(A4)(-). It is already hard to do so when A4
is a Borel, closed subset of H (see [12] and remarks in [19]). We get around
this problem by considering an effective surrogate of the function M*(A4)(:)
and formulating an effective refinement of Theorem 1.1. This will involve the
machinery of hyperarithmetic recursion, which will be explained in §3. Our
proof of the effective refinement of Theorem 1.1 will proceed in stages. The first
step will be to establish the result for effective Borel sets which are countable
intersections of open sets in the topology 7,. This is done in §5. The next
step, carried out in §6, is to extend the result to effective Borel sets which are
countable unions of countable intersections of open sets. The final step, in §7,
proves the result for effective analytic sets (Theorem 7.1). Theorem 1.1 is then
deduced in §8.

We regard Theorem 1.1 as a fundamental approximation result in gambling
theory as is the usual capacitability theorem in probability and measure theory.
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It will be applied in §9 to prove Theorem 1.2, which answers an old question
about the adequacy of measurable strategies.

Recall that the gambling theory of Dubins and Savage [4] takes place in a
very general finitely additive framework in which a player is not restricted to
measurable strategies. In the theory of Dubins and Savage, as extended by
Purves and Sudderth [18], the probability g(A4) is defined for every analytically
measurable (that is, measurable with respect to the o-field generated by analytic
sets) set 4 under every strategy o, measurable or not. In consequence, [ gdo
is defined for every bounded g: H — R which is upper analytic in the sense
that {h € H: g(h) > r} is analytic for every real r. For such a payoff function
g, the optimal reward to a player with initial state x who is not restricted to
measurable o is

(T'g)(x) = sup {/gda: o available at x} .

However, the player gains no advantage through the use of nonmeasurable ¢’s.
Theorem 1.2. If g is bounded and upper analytic, then T'g = Mg .

This theorem generalizes Theorem 2.1 of Dubins et al. [5] which corresponds
to the special case when g(h) = limu(h,) for some bounded, upper analytic
u: X - R.

2. DEFINITIONS AND NOTATION

N will denote the set of positive integers, w the set of natural numbers, and
R the set of real numbers. If s, ¢ are finite sequences of natural numbers, we
write |s| for the length of s, s; for the ith coordinate of s for 1 < i <|s|,
s Dt to denote that s extends ¢, and st for the catenation of s followed by
t. If a € ¥ and n € N, the finite sequence (a(1), a(2), ..., a(n)) will be
denoted by a(n).

We use X exclusively to denote the state space. It will always be a Borel sub-
set of a Polish space. For pe X and (x;,X2, ..., Xn)€EX", P(X1, X2, ... s Xn)
or pxi, xy---x, will denote the element of X™*" obtained by catenating p
and (x;, X2, ..., X,). The symbol H will be reserved for XV, the space of
histories. For h € H and i € N, h; will denote the ith coordinate of 4. If
h, " €e H and n € w, we write h = ,h' if h = h] for i =1,2,...,n.
If pe X™ and h € H, ph will be the element of H obtained by catenating
p and h. For k € N, p, will denote the function on H to X* defined by
p(h) = (b1, hy, ..., ). If BC H and p € X™, then Bp will denote the
set of h € H such that ph € B. Similarly, Bp, will be the set-valued function
on H whose value at 4 is the set Bpy(h).

A mapping 7 from H to N U {oo} is called a stopping time if

tthy=neNand h'=,h imply t(h')=n.

A stop rule is an everywhere finite stopping time. A stopping time t is Borel
(universally) measurable if for each n € N, the set {r < n} is Borel (uni-
versally) measurable in H. If 7 is a stopping time, then A, and p, are
functions on the set {t < oo} whose values at h are Ay and p;u(h) =
(hi, ha, ..., hyn) , Tespectively. Similarly, Bp. is the set-valued function on




224 A. MAITRA, R. PURVES, AND W. SUDDERTH
{t < o} whose value at h is Bp.(h). If x € X, define 7[x] on H by
7[x](h) = t(xh) - 1.

Then t[x] is again a stopping time or identically equal to zero. We write
Tl(x1, X2, ..., Xp)] orjust 7[x;, X2, ..., Xp] for t[x;][x2] - [xx]. If k€N,
define the stop rule 7 Ak by

(t Ak)(h) = minimum{z(h), k}.

Let ¢ be a stop rule. We say that a function ¢ on H toaset Y is determined
by time t if

th)=k&h= k' imply ¢(h)=d(H').

A subset K of H is said to be determined by time t just in case the indicator
function of K is determined by time ¢. It is easy to prove that a subset of H
is clopen in the topology T, iff it is determined by time ¢ for some stop rule
t. A function v on H x N to Y is adapted if

h= h" implies w(h,k)=yw(H, 6 k).

Suppose o is a measurable strategy available at x and p € X™ . We define a
measurable strategy o[p] available at /(p), the last coordinate of p, as follows:

(alp])o = om(p)

and, for n>1,

(@lpDn(x1, X2, .o s Xn) = Oman(DX1, X2+ Xn) -

It is easy to verify that the measures (on H induced by) o[p], p € X,
are a version of the conditional o-distribution of (A1, Amy2,...) given
(hy, ha, ..., hy) =p. If T is a universally measurable stopping time, o[p,] is
a mapping on {7 < oo} whose value at & is a[p.(h)].

By virtue of Lemma 2.2 in [11], we can fix a Borel measurable mapping
v: P(H) x X - P(H) such that for each u € P(H) and x € X, v(u, x) is
a regular conditional u-distribution of (h;, h3,...) given h;y = x. For u €
P(H) and x € X, we write u[x] for v(u, x); more generally, if x;, x;, ...,
X, € X, we shall write u[(x,, X2, ..., xz)] or u[xy, x2, ..., x,] for u[x][x;]
-+ [xa]. If u € P(H), up will denote the marginal distribution of u on the first
coordinate of H. If 7 is a universally measurable stopping time, u[p.] will
denote the mapping from {7 < oo} to P(H) whose value at h is u[p.(h)]. We
remark that this notation is in agreement with that of the previous paragraph
in the following sense. If ¢ is a measurable strategy and u the probability
measure induced on H by g, then, for almost all (u)p € X™, the measure
induced by the strategy o[p] agrees with u[p].

Suppose 1, are universally measurable stopping times such that 7, < 7,4,
on {Tp4; < o0}, n € N. Assume that, foreach ne€ N, ¢,: Hx N - P(H)
is universally measurable and adapted. Let A € P(H). Define, for each Borel
subset B of X,

q0(B) = Ao(B)
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and, for n > 1,

qn(lel’ X2 eens xn) = (j'[xl s X2 a0y xn])O(B)

ifn<ti((xg, X2, ..., Xn, X", X%, ...)),
=(¢m((X1,x2, cee s Xny X*’X*a "°), i)[xi+lsxi+2’ ,xn])O(B)
fi=1,((xX1, X2, 0, Xn, X", X*,...))
<A< Tupt((X1, X2 eee s Xny, X¥, X%, .00)),
where x* is an arbitrary fixed point of X and the sequence (X1, Xiy2, ... ,Xn)

is to be regarded as the empty sequence if n < i+ 1. By [1, Proposition
7.45], there is a unique probability measure u on the Borel subsets of H
such that yy = ¢o and, for each n € N, the u-conditional distribution of

hpey given hy = Xy, hy = X2, ..., hy = X4 18 gu(+|x1, X2, ..., X,) for al-
most all (u)(x;, X2, ..., Xn) € X". We call u the sequential composition of
(A, bn» Tn).

Recall from the previous section that if I is an analytic gambling house then
X(x) is the set of measurable strategies available at x . Identifying measurable
strategies with the probability measures they induce, we can consider X(x) to
be a set of probability measures on the Borel subsets of H . In order to establish
the main result of this article, it will be convenient to work with these sets of
probability measures rather than the gambling house I" which gives rise to them.
We therefore isolate the properties of X that will be needed and formulate the
notion of a global gambling house.

A global gambling house ¥ is a mapping which assigns to each x € X a
nonempty subset X(x) of P(H) in such a way that

(a) If u € Z(x), then, for every k € N, u[x;, x2, ..., xx] € Z(xx) for
almost all (u)(x;, X3, ..., xx) € X¥; and

(b) If 7, are universally measurable stopping times such that 7, < 7,4; on
{tns1 < 0} for ne N, if, foreach ne€ N, ¢,: Hx N — P(H) is universally
measurable, adapted, and ¢,(h, k) € X(h;) for all (h, k) € H x N, and if
A € X(x), then the sequential composition of (4, ¢,, 7,) belongs to Z(x).

We remark that if I" is an analytic gambling house and if Z(x) is the set
of probability measures on H induced by measurable strategies available at x
for each x € X, then X is a global gambling house. Though we shall have no
use for it, we remark that the converse is also true; if X is an analytic, global
gambling house, then there is an analytic, “local” gambling house I'" such that,
for each x € X, X(x) is precisely the set of measures induced by measurable
strategies available at x in the house I'.

3. SOME EFFECTIVE DESCRIPTIVE SET THEORY

Effective descriptive set theory takes place in Polish spaces which admit a
smooth recursion theory. This is made precise in the next definition.

We say that a topological space Z is Al-recursively presented if Z admits
a complete metric 4 and a dense sequence (r,),c Such that the relations

d(rn,rm)SP/¢1+1 and d(rn, rm)<p/4+1

are Al in w*. Examples of such spaces are 2, 2%, w®, [0, 1]*, etc. (see
Moschovakis [15]).
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Suppose now that Z; and Z, are A}-recursively presented compact metric
spaces. Then Z, x Z, and P(Z,), the set of probability measures on the
Borel subsets of Z;, are again Al-recursively presented compact metric spaces
(Louveau [7, 9]).

In what follows, our terminology and notation, pertaining to concepts in
effective descriptive set theory, are taken from Moschovakis [15].

Following Louveau [8, p. 13], we say that the pair (W, C) is a coding of
Borel subsets of a Al-recursively presented compact metric space Y if

(a) W isa II! subset of w®” x w;

(b) C isa II! subsetof w”xwx 7Y,

(c) theset {(a,n,y)€w’xwxY:(a,n)e W&(a,n,y) ¢ C}is I1};

(d) for fixed (a, n) € w® x w, the section Cy ,={y €Y:(a,n,y)eC}
is Al(a);

(e) If P C Y is Al(), then there is an n such that (o, n) € W and
P=Cy .

The rest of this section will be devoted to proving an effective separation
theorem which will be needed in the sequel. In what follows and until further
notice, X will be 2¢, the space of sequences of 0’s and 1’s, and H will be
XxXx--.

Fix a coding (W, C) of Borel subsets of the Al-recursively presented com-
pact metric space H. We will be interested in (a, n) € W such that C, , is
Borel and open. Define W C w® x w as follows:

(a,n) €W o (a,n)eW
& (Vh)[(a, n, h) ¢ C or 3m)(Vh')(h' = uh — (o, n, h') € C)].
Clearly, W is I}, and if (a, n) € W, then (@, n) € W if and only if C, ,
is open. Set
C=Cn(WxH).

Then

(G) C is I!;

(i) theset {(a,n,h) cw?xwxH: (a,n) e W&(a,n, h) ¢ C} is I1};

(ili) P C H is Al(a) and open if and only if P = C,,, forsome (a,n)e€

w.

Lemma 3.1. If A and B are X! subsets of H such that A can be separated
from B by an open set, then there is a Al-recursive stopping time t such that

AC {1t <00} CB°.
Proof. Define P C H x N as follows:
(h,n)e P (VA)H =,h—h ¢ B).

Then P is I} and (VA € A)(3n)((h, n) € P). So, by the Kreisel selection
theorem [15, p. 203], there is a A}-recursive function f: H — N such that
(Vh e A)((h, f(h)) € P). Let

Q={(h,n)e HxN: (30 € A)(K = ,h & f(I') = n)}.
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It follows that Q is X} and Q C P. Next, we define S C N x w as follows:

(n,meS e (x*,meWw
& (Vh)(VH')(h € Cre & h = ' — h' € Ce )
& (Vh)(h € Cxe m — (h, n) € P)
&(Vh)((h,n) €Q = h € Cxe . m),

where x* is a fixed Al point in @®. Then S is I1}. Use the first principle
of separation for X! sets [15, p. 204] to see that (Vn € N)(3m)((n, m) €
S). Invoke the Kreisel selection theorem one more time to get a Al-recursive
function g: N — w such that (Vn € N)((n, g(n)) € S). Finally, define 7 on
H as follows:
w(h) = { least n such that & € Cy+ gny if (AN € N)(h € Cxe gm)),
" | o otherwise.

Then it is easy to verify that 7 satisfies the assertion of the lemma. O

As immediate consequences of the lemma, we have the following two corol-
laries.

Corollary 3.2. If V is a Al, open subset of H, then there is a Al-recursive
stopping time t such that V = {1 < oo} .

Corollary 3.3. If K is a A}, clopen subset of H, then there is a Al-recursive
stop rule t such that K is determined by time t.

Classical (boldface) versions of the above results were proved in [10].

4. A FUNDAMENTAL INEQUALITY

Let X =29, H=XxXx---,and £ C X x P(H) be a global gambling
house which is a X] subset of the Al-recursively presented compact metric
space X x P(H).

Let E C H be universally measurable and let x € X. We can define

(4.1) M(E)(x) = sup{u(E): u € X(x)}, xeX.

There should be no confusion with the symbol M introduced in §1, where
X(x) denoted the set of measurable strategies available at x . Here we have no
“local” gambling house I', but in case X above had been induced by a “local”
gambling house, the M of (4.1) would have coincided with the same symbol
of §1.

Next we define the effective surrogate M of the function M* of §1. How-
ever, M has to be defined simultaneously for a X! subset of H and all its

sections. So let E be a 2} subset of H and let x;, x5, ..., X, X € 2¢. We
define

(4.2) M(E; x;, X, ..., X ; x) = infsup{u(0): u € Z(x)},

where the inf is taken over all Al({x;, X2, ..., Xk, X)), open sets O containing
Ex;x;---x;,. Here (o, az, ..., a) is the member of w® which codes the
finite sequence a;, a;, ..., oy of members of w?, as described in [15, p.

40]. Since 2% C w?, the coding can be used for finite sequences of members
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of 2¢ as well. We allow the finite sequence x;, X, ..., Xx to be the empty
sequence in (4.2). In the sequel, the left side of (4.2) will be abbreviated by
M(Ex x;---x;)(x). Similarly, if « € @® and F isa Xl(a) subset of H, we
define the relativization M® of M as follows:

(4.3) MA(F;x;, X3, ..., xx; x) = infsup{u(0): u € £(x)},

where now the inf is taken over all Al((a, x1, X2, ..., Xk, X)), open sets O
containing Fx;x,---x; . The left side of (4.3) will be abbreviated by

M (Fxixy-+ xic)(x) .

Now suppose that F = Ex;x,---x; for some X! subset E of H and
X1, X2, ..., Xk €22. Set a=(x, X2, ..., Xx). Then, as is easy to verify,
(4.4) M(F; ;x)=M(E; X1, X2, ..., X; X).

We will use (4.4) without explicit mention in the sequel.
Lemma 4.1. If EC H is X!, then the set
{(h,k,x,a)e Hx N x X x[0, 1]: M(Ehyhy--- hy)(x) > a}
is X}.
Proof.
M(Ehihy - hy)(x) > a
o (Vr)vn)r<a&((hy, hy, ..., by, x),n)eW
& Ehihy - b CCipy by, hyox)om
— (3p € Z))@(Chy by by o), m) > D],

where r runs through the rationals in [0, 1], and we think of 2% as as being
embedded as a T1? subset of w® . One sees easily by imitating the computation
in the proof of Theorem 2.2.3(a) in Kechris [6] that the relation above is ! . O

Lemma 4.2. If E C H is X! and t is a Al-recursive stopping time on H , then
the set
((h,a) € Hx0, 1]: ©(h) < co & M(Ep:)(he) > a}

is Z1.
Proof.
7(h) < OO&M_(EPT)(}IT) >a
o (3k € N)[t(h) = k & M(Ehihy--- bp)(hy) > al.

The above condition is Z! by virtue of Lemma 4.1. O

Lemma 4.3. Let E C H be I} and t a A\-recursive stopping time on H .
Fix xo € X and & > O rational. Then there is a Al(xo)-recursive function
g: H— [0, 1] such that
(i) t(h) <oo=> g(h) > M(Ep:)(h:),
(ii) T(h) =k <oco&h = h' = g(h) = g(h'), and
(iit) SUP,e3(x0) fg(h) du(h) < SUP 4 ex5(x) f{Koo} M(Ep:)(h:)du(h) +¢.
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Proof. Let X* = (J,,c, X™. Now X* can be endowed with a Al-recursive
presentation so it becomes a Al-recursively presented Polish space. Define
v: H— X* as follows:

(hy,hyy..., hy) ifT(h) <o0,

h) =
vh) {e if 7(h) = oo,
where e is the empty sequence. Plainly, y is Al-recursive.

Let Z(xo) ={uyl:pe Z(xo }, so that Z(xo) isa Zl(xp) setin P(X*),
and hence the set {v x 4: v € Z(xp)} is Z!(xo) in P(X* x [0, 1]), where A is
Lebesgue measure. Finally, define ®: X* — [0, 1] by setting

M(Ep)l(p)) ifpe U X7,
Q(p) = .

m>1
ifp=e,
where /(p) is the last coordinate of p. Let
D={(p,a)e X* x[0, 1]: ®(p) > a}.
Note that by virtue of Lemma 4.1 D is Z}(xp). So, by Lemma 4.3 in [12],
there is a Al(xg) set B in X* x [0, 1] such that D C B and

sup (v x A)(B) < sup (v x A)(D) +&=sup / O(p)dv(p) +¢

VEZX(Xg) VEZ(Xp) UEZ(Xo)
= s [ WEp)h) duth) + o
HEZX(xp) J{r<00}

where the last equality can be justified by first observing that M (Ep.)(h;) =
®(y(h)) if 7(h) < co and then applying the change of variable theorem.
We now define g: H — [0, 1] as follows:

A(Byy) 1if 1(h) < o0,
g(h) — { w(h) )
0 otherwise,
where By, = {a € [0, 1]: (w(h), a) € B}. It is now easy to verify that g
satisfies the assertions of the lemma. O

The next result is the fundamental inequality of the theory and can be re-
garded as one-half of the optimality equation.

Theorem 4.4. If E C H is X! and 1 is a Al-recursive stopping time on H such
that E C {t < oo}, then

M(E)(x) < sup / M (Epo)(he) du(h)
HEZ(x) J {1<00}

forall xe X.
Proof. Fix xp € X and ¢ > 0 rational. Apply Lemma 4.3 with ¢/3 to get

a function g satisfying the assertions of the lemma. Define P C H x w as
follows:

(h,n)€ P o (3k € N)[t(h) = k& ((hy, by .., ), ) €T
&Ehhy--hi CCip iy, by om
& (Vi € Z(he))((Cipy by ey .n) < 8(H) +¢/3].
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Then P is I1}(xp) and one verifies easily that (Vh)[1(h) < oo — (In)((h, n) €
P)]. An application of Kreisel’s selection theorem yields a Al(xo)-recursive
function f: H — w such that (k, f(h)) € P whenever t(h) < co.

We now define O C H by

heO o (3keN)th) =k&((hi, by, ..., hy),
f((h],hz, ,hk,x*,x*, )), (hk+1,hk+2, ))E?],

where x* is a fixed A{ pointin X . It follows that O isa Al(xp), open set such
that EC O C {t < oo}. Hence M(E)(xp) < M(O)(xp), so there is v € Z(xp)
such that

v(0) > M(E)(x0) - &/3.
Now
v0)= [ vIpOpo e dv(h).
If 7(h) < oo and v[p,] € Z(h,), then it follows from the definition of O that
vip:](Op.) < g((hy, hay ...y hey X*, X*,...)) +€/3=g(h)+¢/3.
Consequently, since X is a global gambling house, we have
v({h € H: 1(h) < 00 & v[p:](Op:) < g(h) +¢/3}) = v({1 < o0}).

Hence,

M(E)(xo) — % < hydv(h) + % < h)du(h
Ew)-5< [ amdvi+g< s [ gduth+

{r<o0} HEZ(Xp)

W] ™

~ 2e
< sw [ WEphduth) + T
HEZ(x9) J {r<o0}

where the last inequality involves an application of Lemma 4.3. It follows that

M(E)(x0) < sup /{ FA(Epe) ) duh) + 2

HEZ(Xp)
Since ¢ is an arbitrary positive rational, this completes the proof. O
Theorem 4.4 is a significant generalization of Theorem 4.6 of [12].

Corollary 4.5. If E C H is X} and t is a Al-recursive stop rule, then

M(E)(x) < sup /M (Ep:)(h:)du(h)
HEE(x

for every x € X .

5. EFFECTIVE Gjs’s

This section will be devoted to the proof of the effective refinement of The-
orem 1.1 in the special case when A is a Al-interesection of A}, open subsets
of H.




A CAPACITABILITY THEOREM IN MEASURABLE GAMBLING THEORY 231

Theorem 5.1. Let X =2°, H=2°x29x---,and £C X x P(H) a X!, global
gambling house. Let V, be open subsets of H such that V, O V,.1, n € N,
and assume that the relation h € V, is A} in NxH. Set G=\,cy Va. Then

M(G) = M(G).
Proof. By Corollary 3.2, for each n € N, there is a A}-recursive stopping time
7, such that V, = {1, < co}. We may assume without loss of generality that
Ty < Tpyp ON Vyyy forall ne N,

Fix xo € X and ¢ > 0. It will suffice to prove that M(G)(xo) > M(G)(xg) —
¢. We will do this by defining x € Z(xp) such that

(5.1) #(G) 2 M(G)(xo) - ¢.

The definition of u will involve repeated applications of Theorem 4.4.
To start with, use Theorem 4.4 to choose A € X(xp) such that

(5.2) /{ M(Gp,)(h) dih) > FE(G) ) = 2.

Next, define f: Hx N x H — [0, 1] as follows:
M(Ghihy - hnDe iy by ) (Bt by )
(5.3) f(h,m,h)= if m < Tup1(hihy- - hm)h') < 00,
0 otherwise.

Using Lemma 4.1, one verifies that f is an upper analytic function. It then
follows from a selection theorem [12, Lemma 2.1] (see also [1, Proposition
7.50]) that there is an analytically measurable function y: H x N — P(H)
such that y(h, m) € Z(h,,) and

J 1 myw myany > sup [, m, W vian) 5

VEX(hm

forevery h € H and m € N. The function ¥ may not be adapted, but this is
easily set right by defining ¢,: H x N — P(H) as follows:

dnlh,m)=w((hy, hyy ..y hm, X*, x*,...), m),
where x* is an arbitrary fixed point in X . We then have
4 [ Sthom 1) guth my@n)> sup [ b, m, wyv@n) - 5

l/ez(hm)

forall he H and me N.
It now follows from (5.2), (5.3), and (5.4) that, if 7,.,(h) > m, then

M(Ghihy - oDy, thy hy... h)(P))
(h;m[hn h ,,__,h,,,])(bn(h , m)(dh')
M(Ghihy -+ by, thy by, ... ) (B))

h‘/rn+|[h| ,hz,...,h,,,])y(dhl) - 8/2n+1
> M(Ghihy - hy)(hy) — e/2"*

/{Tnﬂ[hl sha s hm]<oo}

(5.5) > sup

l/EZ(hm) ~/{'T,H,|[h| ,hz . Yh,,,](OO}
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where the last inequality is obtained by an application of a relativized ver-
sion of Theorem 4.4 to the Al((hy, hy, ..., hy)) set Ghihy---h, and the
Al((hy, hy, ..., hy))-recursive stopping time 7,.i[h, ks, ..., hm]. Hence,
for any & such that 7,(h) < co, we can set m = 1,(h) in (5.5) to obtain

M(Gp.,(h)ps,..1p., i (H"))

(h:,”l[p,n(h)])(bn(h s Tn(h))(dh")
> M(Gp.,(h))(he,) — &/2"*".

Let u be the sequential composition of (4, ¢,, T,). Plainly, u € X(xp),
since X is a global gambling house. We will now verify (5.1). In the calculations
to follow, expectations and conditional expectations will be with respect to the
probability measure 4 on H.

Define random variables Y, on H, n > 1, as follows:

/n+ [P, (h)]<o0
(5.6) {tnn1 <oo}

Yo(h) = { M(Gp,,(h))(h,,) ifhe V,,
0 otherwise .
Then, a restatement of (5.2) gives us
(5.7) E(Y1) > M(G)(x0) — /2,

while (5.6) yields for almost all (z) heV,,

E(Yns1|Pr,) > M(Gp.,(h))(he,) — /2",
where the conditional expectation above is with respect to the pre-7, o-field.
Hence

E(Yasilpe,) > Ya— /27" as. (u)

so that
(5.8) E(Yn41) > E(Y,) — /2"
It then follows from (5.7) and (5.8) that

E(Yy1) > E(Y)) — (e/22 +¢/22 +--- +€/2"1) > M(G)(xo) — ¢
for every n > 0. Hence
(5.9 limsup E(Y,) > M(G)(x) — ¢.
n

Now, for each n € N, {Y, >0} C V,. Since 0 < Y, <1, it follows that

u(Vy) > E(Y,) for every n € N. Hence,
#(G) = lim u(V,) > limsup E(Y,) > M(G)(x0) - ¢,
n

where the equality uses the fact that G 1is the decreasing intersection of the sets

V, and the last equation is by virtue of (5.9). So (5.1) is verified and the proof
is complete. O

6. EFFECTIVE Gs,’S AND THE “GOING UP” PROPERTY

This section contains the second step in our program of proving the effective
version of Theorem 1.1. We start with a definition. We remind the reader that
X, H,and T are as in the previous section.

A sequence (E,)nen Of subsets of H isa X! (Al) sequence if the relation
heE,is I} (Al) in NxH.
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Lemma 6.1. If (E,) is a X} sequence of subsets of H and M(E,)(x) =0 for
each n € N, then M(U,cy En)(x)=0.
Proof. Let ¢ > 0 be rational. Define P C N x w by

(n,m)eP e (x,m) e W&E, C Cy,m & (Y € E(x)) (#(?x,m) < %) ,

Then P is IT}(x), and the hypothesis implies that (Va € N)(3m)[(n, m) € P].

So, by Kreisel’s selection theorem, there is a Al(x)-recursive function f: N —
w such that (Vn € N)[(n, f(n)) € P]. Let

heO e (3n GN)[hE?x‘f(n)].

Then O isa A}(x), open set containing Unen En . Hence

M (U En) (x) S M(O)(x) <Y M(Cx sim)(x) <&

neN
Since ¢ is arbitrary, this completes the proof of the lemma. O

Lemma 6.2. Suppose that the relation h € B, ,, is A} in Hx N x N and that
By,m is openin H forevery n,m € N. Let E, = (\,,cnBa,m, n€ N. If
M(U,en En)(x) =0, then M(U,cy En)(x)=0.
Proof. By Theorem 5.1, M(E,)(x) = M(E,)(x) = 0 for every n € N. The
assertion of the lemma now follows from Lemma 6.1. 0O

Let EC H be X!. Fix ¢ > 0 rational. Define a stopping time 7. as follows:

least k € N such that M(Ehihy---hy)(h) > 1 —¢,
Tg(h) = { if (Elk € N)[M(Ehlhz = hk)(hk) >1-¢g],
oo otherwise.
Lemma 6.3. (a) The set {(h, n) € H x N: 1,(h) <n} is Z}.
(b) The set {t, < oo} is Z} in H.
Proof. The relation M(Ehyhy---hi)(ht) > 1 —¢ in h, k can be rewritten as
(3u € Z(h)) (R(Ehihy i) > 1 = &)

This is clearly ! in H x N. The assertion in (a) follows immediately from
this and (b) follows from (a). O

Lemma 6.4. Let E and 1. be as above. Then M(E N {1, = oo})(x) = 0 for
every x € X.

Proof. Towards a contradiction, assume there is an x such that

M(E N {1, = 00})(x) > 0.

So there exists u € X(x) such that u(EnN{t, = co}) > 0. By the Levy zero-one
law, as n — oo,

(6.1)  ulpa(MI(E N{1e = 0o})pn(h)] = (E N {1e = 00})(h) as. (u),

where the indicator function of a set C is being donated by the same sym-
bol. Denote by C; the subset of H where convergence holds in (6.1), so that
u(Cy) = 1. Let C, be the set of h € H such that u[p,(h)] € Z(h,) for every
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n € N. Since X is a global gambling house, it follows that u(C;) = 1. Conse-
quently, u(CiNnC,NEN{t, =})>0. Pick A* in C;NnC, NEN {1, = 00}.
So, by (6.1), there is m > 1 such that

UPm(R*)(E N {te = co})pm(h*)] > 1 —¢.
This implies that u[p, (h*)](Epm(h*)) > 1 —¢, so M(Epm(h*))(h;,) > 1 —¢,
since u[pm(h*)] € Z(h;,). But then 7.(h*) < m, contradicting the fact that
7.(h*) = co. This completes the proof. O
Lemma 6.5. M ({7, < oo})(x) < M(E N {1, < 00})(x) + 2¢ for every x € X .
Proof. We write t for 7,. Choose A € £(x) such that

A{t < 0}) > M({t < o0})(x) — /2.

Next, use a selection theorem [12, Lemma 2.1 or 1, Proposition 7.50] to find,
for each n € N, an analytically measurable selector w,: H — P(H) for the set
{(h, u) € Hx P(H): u € Z(h,)} such that

Wn(h)(Epn(h)) > M(Epn(h))(h,) —€/2

forevery he H.
Let x* be a fixed element of X . By the von-neumann selection theorem
[15, 4E.9], fix an analytically measurable selector f*: H — P(H) for the set

X . Define
o(h, k)y=w((hy, hyy ooy by, X*, X%, .00))
and, for n > 2,
f*h) if1<k<n,
¢1((h1, hz, ,hk—n+1a x*, x* ), k-—n+ 1)[hk_.,,+2, ,hk]
on(h, k)= ifk>n&oi((hy, hay ooy Bg—ppr, X5, X%, ... ), k—n+1)
(Pk—ns2s -5 i) € Z(hy),
f*(hy) otherwise.

Set 7, = 17, and, for n > 2, 17, = 1, + n — 1. Then it is straightforward to
verify that A, ¢,, and 1, satisfy the assumptions of (b) in the definition of a
global gambling house. Let u be the sequential composition of (4, ¢,, 7,), so

ueZ(x).
Hence,
M(EN {1 < co})(x) > w(E N {t < o0}) = /{ HPEp?) d3

> (1-3e/2)A({t < 00}) > M({T < 00})(x) — 2¢.
This completes the proof. O

We now give the main result of this section.

Theorem 6.6. Let X =29, H=29x29x---,and £C X x P(H) bea X},
global gambling house. Suppose that the relation h € By, ,, is A} in Hx N x N
and that By, . is open in H for every n,m € N. Let E, = (\,cnBn,m,
neN,and E =,y En. Then M(E) = M(E).

Proof. Fix xg € X and ¢ > 0 rational. Consider the stopping time 7. as-
sociated with the set E. By Lemma 6.3, {1, < oo} is a X! set. So, by a
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relativized version of Lemma 4.3 in [12], there is a Al(xp) set D in H such
that {7, < 00} C D and

M(D)(xo) < M({7e < 00})(x0) + €.

Now the X! set {r, < oo} can be separated from the Al(x) set D¢ by an open
set. Hence, by a relativized version of Lemma 3.1, there is a A}(x)-recursive
stopping time ¢ such that {7, < 0o} C {{ <0} C D. Set O = {t < oo}. Then

M(0)(xo) < M({7s < 00})(x0) +¢
< M(EnN{1, < o0})(x9) + 3¢ < M(E N O)(xp) + 3¢,
where the second inequality is by virtue of Lemma 6.5. On the other hand,

EnOc=[U an,m ﬂn[{tzk}]=U n n[Bn,mn{tZk}]-

neN meN keN neN meN keN

(6.2)

Moreover, by virtue of Lemma 6.4,
M(E N O)(x0) < M(EN {1, = 00})(x0) = 0.

This fact together with the representation of ENO° above enables us to invoke
a relativized version of Lemma 6.2 and conclude that

(6.3) M (ENO%)(x)=0.

Now use (6.3) to obtain a Al(xp), open set O’ containing E N O° and such
that

(6.4) M(O')(xp) <e.
Then QUO' isa A{ (xo0) , open set and contains E . Hence,
M(E)(xo) < M(OUO')(x0) < M(0)(x0) + M(O')(x0)
< M(ENO)(xp) +4e < M(E)(xo) + 4e¢,

where the third inequality is by virtue of (6.2) and (6.4). Since ¢ is an arbitrary
rational, this proves that M (E)(xo) < M(E)(xo). As the inequality in the
opposite direction is obvious, tiis completes the proof. O

The next result is the raison d’étre for this intermediate step in the proof of
the effective refinement of Theorem 1.1.

Corollary 6.7. Let (A,) bea I} sequence of subsets of H such that An, C Apy1,
neN.Let A=,cyAn. Then M(A) =1lim M(A4,).

Proof. Fix xo € X. Plainly, M(A)(xo) > limM(A,)(xo). It remains only to
prove the inequality in the opposite direction. Let r be a rational in [0, 1]
such that M (A)(xo) > r. We need to show that lim M (A4,)(x,) > r. Suppose
not. Then, for each n € N, H(A,,)(xo) <r. Define PC N x w as follows:

(n,m)€P o (x,m) eW&A, _C.Exo,m&(v/»‘ € Z(XO))(:u(fxo,m) <r).

Plainly, P is ITi(xo) and (Vn € N)(3m)[(n, m) € P]. So, by Kreisel’s selection
theorem, there is a Al(xo)-recursive function f: N — @ such that (Vn €
N)l(n, f(n)) € P]. Let

heB o (Elk € N)(Vn > k)[h S gxo,f(n)]'
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Then A C B, and by Theorem 6.6 (relativized to xo), M " (B)(x0) = M(B)(xo) .
Hence,

M(A)(x0) < M *(B)(x0) = M(B)(xo) = SI;DM (ﬂ Exo,f(n)) (xo0)
n>k

< S‘;:pM(Cxo,f(k))(xO) <r,
which yields the desired contradiction. O

7. AN EFFECTIVE CAPACITABILITY THEOREM

For fixed x € X, the monotonicity property and the property stated in Corol-
lary 6.7 suggest that the set function M (-)(x) may be an “effective” capacity in
the sense of Louveau [9]. However, this is not so, as the “going down” property
along decreasing sequences of 7j-compacts fails to hold in general (see [13]).
In consequence, the “effective” capacitability theorem of Louveau cannot be
applied directly, as Choquet’s capacitability theorem was in some special cases
(see [13, Theorem 3.6]), to prove Theorem 1.1. Nonetheless, we will now com-
bine the proof of the abstract capacitability theorem —or, to more precisely
identify the provenance of these ideas, Sierpiniski’s proof that an analytic set is
measurable [21, pp. 48-50]—with the proof of Theorem 5.1 to produce a proof
of the effective refinement of Theorem 1.1. But first we must explain some more
notation from the effective theory.

Let U: w® x H — w be a II}-recursive partial function such that whenever
a€w® and f: H - w is a I1}(a)-recursive partial function, there is a Al(a)
point B € w® such thatif f(h) is defined, then U(B, h) is defined and f(h) =
U(B, h). Following Kleene, we shall denote the partial function U(f, ) by
{B}. We write {8}(h) | to mean that {8} is defined at h. Next, fix a II}-
recursive partial function d: w® x w — w® such that d(a, -) enumerates the
Al(a) points of @w®. The existence of U is established in [15, 7A.1] and that
of d is proved in [15, 4D.2].

Here at last is the effective refinement of Theorem 1.1.

Theorem 7.1. Let X =29, H=29x2?x-.-,and 2C X x P(H) bea X},
global gambling house. If AC H isa X} set, then M(A) = M(A).

Proof. We use [15, 4A.1] to write A as follows:

(7.1) he Ao (3aew)(Vn e N)he B@n))]l,

where h € B(s) is a Al relation in |,¢, @" x H, B(s) is clopen in H for
each fixed s € J,¢, @",and s D¢ implies B(s) C B(¢). Define

h e A(s) & 3m)|[|s| = m & (3i; < 5)(3i2 < 82) -+ - Bim < 5m)(30)
(Vn e N)(h € B((iy, iz, ..., im)a(n)))].

Plainly, the relation 4 € A(s) is Z! in e, @" X H.
Fix xo € X and ¢ > 0. We will construct u € Z(xp) such that

(7.3) 1(A) > M(A4)(x0) — €.

(7.2)

The definition of u depends on an inductive construction of various objects.
The conditions that these objects have to satisfy are stated in the next lemma.
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Lemma 7.2. Let xo € X, ¢ >0, A€ Z(xg), m{ €ew, m; :H - w, K, a
clopen subset of H, t, a stop rule on H, and ¢,: Hx N — P(H) such that

(a) for every n € N, m;.,, K,, t,, and ¢, are universally measurable,

Kni1 CKn, Th < Tnyt, Kn, and mj, ., are determined by time t,, ¢n(h, k)€
X(hy) for every k € N, and ¢, is adapted,

(b) he K, iff he€ B((iy, i2, , ..., in)) for some iy <m}, iy <ms(h), ...,
in < my(h);

(©) Jg, M(A((m}))a1(h))(h,) dA(h) > M(A)(x0) — &/2; and

(d) for every ne N and he H,

/ T(A(m], my(h) .., 15 () dn(R)Pr, i)
Kn+l‘1n(h)

(h;“l[q,,(h)]) ¢n(h, Tn(h))(dh')
> M(A((m}, m3(h), ..., m3(h)))an(h))(he,) — ——

= gwet

where gn(h) = p,(h), n€e N.
Let u be the sequential composition of (A, ¢, tn). Then

(i) Nyey Kn S A4, and
(ii) /‘(nneN K,) > H(A)(XO) —&.

Proof. To prove (i), let & € N,y K» and define

S= {s € U o": (3k)[|s| = k &s) < m} &s, < m3(h)

new

& &s < mi(h)&h e B(s)]} .

Then S is a finitely splitting tree and contains finite sequences of every length.
So, by Konig’s Lemma [15, 4F.9], there exists a € " such that @(n) € S for
every n € N. Hence, h € B(a(n)) for every ne€ N,sothat he 4.

We will now prove (ii). Define random variables Y, on H, n > 1 as follows:

H(A(m]‘, m3(h), ..., my(h))gn(h))(h.,) ifheK,,
0 otherwise.

vth) = {

In what follows, expectations and conditional expectations are with respect to
the probability measure u on H . According to (c), we have

E(Y1) > M(4)(x0) — /2,
while (d) yields for almost all (u) he H,

T * * * &

E(Yni1|pe,) > M(A(my, m3(h), ..., my(h))gn(h))(he,) - Fne1 >

where the conditional expectation is with respect to the pre- 7, o-field. Hence
E(Yn+l|p1,.) >Y, - 8/2”4'l

so that

E(Yn+1) > E(Yn) - 8/2"+l :
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Consequently,
£ € €
E(Y,1) > E(Y)) — (52. - R W)
for every n > 0, and so
(7.4) limsup E(Y,) > M(A)(xo) — €.
n

Now for each n € N, {Y, > 0} C K,,. Since 0 <Y, < 1, it follows that
u(K,) > E(Y,) for every n € N. Hence,

7 (ﬂ Kn) = lim u(K,) > limsup E(Yy) > M(A)(x0) — €,
neN "

where the first inequality is by virtue of (7.4). This establishes (i1) and completes

the proof of the lemma. O

We return to the proof of Theorem 7.1. Since X is a global gambling house,
U, constructed in Lemma 7.2, belongs to Z(xp). So (7.3) is an immediate
consequence of Lemma 7.2. It therefore remains to show that the hypotheses
of Lemma 7.2 are satisfied. We begin with a lemma.

Lemma 7.3. For every n > 2, there is a Al-recursive function g,: Hx " x N —
w® such that if

gnlh,my,my, ..., my,k)=a,
then o is a Al((hy, hy, ..., h)) point and {a} is a Al((hy, ha, ..., h))-
recursive stop rule © on H such that the Al((hy, ha, ..., h)), clopen set

my; my my
UU- UBWG, iy ooy in)hiha - by
i1=0i=0  i,=0
is determined by time t. Furthermore, if h=h', then g,(h, m|, ma, ..., my, k)
=g, (W ,my,my, ..., my, k).
Proof. Define PC H x w" x N x w as follows:
th,my,my, ..., my,k,j)eP
ed((h, by, ), 0) L &YRDH{A (R ks i) DY) L
&{d((hy, ha, ..., b)), DY) 2 1]
& (VA YVA"YVD{d((hy s has ... s Be), NIR') = i &K = A"
= {d((hy, ha,s ooy ), )YRT) =)

& (Vh')(¥i) [{d((hn vhas o ki), DY) =i

my mj mpy
Sy (n" = e | U U By ias ey in))hihy by
i1=0i3=0 =0

m my mp
V(vhli) (h”E,‘hlﬂh”¢ U U U B((iy, i, ..., in))hth"'hk):I .

i1=0i,=0  ir=0

Then P is IT! and an application of a relativized version of Corollary 3.3 will
show that

(Vh)(Ymy)(Vma) - - (Vmn)(VK)(3))[(h, my, ma, ..., ma, k, j) € P].
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So, by Kreisel’s selection theorem, there is a Al-recursive function f: H x w" x
N — w such that

(Vh)(Ymy)(Ymy) - - - (Ymy)(Vk)
[(h,my,my,...,my, k, f(h,m,my, ..., my, k)) € P].
Finally, set
gnlh,my,my, ..., my, k)L
=d((hy, by, ..., b)), f(hymy,my, ..., my, k),

where h = (hy, hy, ..., he,x*, x*,...) and x* is a fixed Al pointin X . It
is now easy to verify that g, satisfies the assertions of the lemma. O

We are now ready to complete the proof of Theorem 7.1. Observe, first, that
(A(m))mew isa X} sequence, A(m) C A(m+1), and U,,c, 4(m) = A. Hence,
by Corollary 6.7, there is m} such that
(7.5) M(A((m})))(x0) > M(A4)(x0) — /4.

Define K, as follows:
h € K, « (3i <m})[h € B((i))],

so K, isa A}, clopen set and A((m})) C K, . By Corollary 3.3, there is a Al-
recursive stop rule 7; such that K is determined by time ;. Apply Corollary
4.5 to the X! set A((m})) and Al-recursive stop rule 7, at the point xp to get
A € Z(xg) such that

(7.6) /V(A((m’f))pn)(hn)dl(h) > M(A((m})))(x0) —&/4.

Since 4(m}) C K; and K, is determined by time t;, combining (7.5) and
(7.6), we get

g M(A((m}))ps,)(he,) dA(h) > M(A)(x0) — /2.

1

Suppose, next, that X, K>, ..., K,, 11,72,..., T, m{, m;,..., m;, and

o1, b2, ..., ¢p—1 have been defined. Define J: H x w" x N — w as follows:
J(h,my,my, ..., m,, k) = least m such that

(7,7) H("‘1((’”1 s Moy ooy, My, m))hlhzhk)(hk)

> M(A((mymy, ..., mp))hihy - b)) () — —

n+2 °
Then J is well defined. To see this, first observe that ’
(A((my, my, ..., my, m)hihy- - hy)mew
is an increasing Z!((hy, hy, ..., b)) sequence whose union is
A((my, my, ..., my))hihy---hy .

Now use a relativized version of Corollary 6.7 to see that there exists m satis-
fying (7.7).

It follows easily from Lemma 4.1 that J is analytically measurable. Further-
more,

h=h implies J(h,my,my,...,my, k)=JH ,m,my,..., my,, k).
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Now set
(7'8) m;+l(h) = J(h’ mr ) m;(h) 3 vy m;(h)’ Tn(h))> h € Ha

so that m; , is universally measurable and determined by time 7. Next,
define K,,; by the formula

h € Kny1 < (3my)(3m3) - -- (3mpy1)
[m3(h) = my&m3(h) =m3& - &my,(h)
= Mpy1 & (i) < mY)(3i2 < M)+ (Bipg1 < Mpyy)
(h€ B((i1, B2, - s Ins1)))]-

It is easily verified, using the facts that the functions m;, m3, ..., m; , are
determined by time 7, and that B(s) is clopen in H, that K,.; is clopen.
Furthermore, K, is universally measurable, since the functions m3, m3, ...,
m;,,, are and the sets B(s) are Borel. Plainly, condition (b) is fulfilled and
Kn+l c Kn .

Fix a function g,.,: H x "' x N — w® having the properties stated in
Lemma 7.3. Define 7,,,: H — N by the formula

(1.9)  thr1(h) = ta(h) + {gns1(h, mi, m5(h), ..., m;, (h), ta(h))}(A'),

where h' = (hy,hy+15 Pe,h)+25 ---) - Using the inductive hypothesis and Lemma
7.3, it is not hard to verify that 7,,, is a universally measurable stop rule such
that 7, < 7,,; and K, is determined by time 7,.; .

In order to define ¢, , proceed as follows. First, define ¢: Hxw"*'x NxH —
[0, 1] by

¢(h’ my, My, ..., Mpyy, k> h,)
(7.10) =M(A((my, ma, ..., Mpyr))ihy - by
Dignarth,mysmy ey must k)3 (1) 5

where i = {gu1(h, my, my, ..., Mpyy, k)}(H').

Observe first that, for fixed m;, my, ..., myp1, ', ¢ as a function in A
and k is adapted. Next, by doing a calculation similar to that in the proof
of Lemma 4.1 and using Lemma 7.3, one verifies easily that ¢ is an upper
analytic function. So, by a selection theorem [12, Lemma 2.1], there is an
analytically measurable function y: H x @"*! x N — P(H) such that for every
(h,my,my,..., My, k)€ Hx " xN,

'//(h,m],mz,...,mn+|,k)62(hk)

and
/q&(h,ml,mz,...,m,,+|,k,h')c//(h,ml,mz,...,m,,H,k)(dh’)
(7.11)
> sup /¢(h,m1,mz,...,mn+1,k,h’)V(dh’)-5,i—2-
veZ(hy)

Now an application of a relativized version of Corollary 4.5 to the

z}((hl ) hZ’ ey hk))
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set A((my, my, ..., Myy1))hihy--- by and the Al((hy, hy, ..., hy))-recursive
stop rule {gn41(h, my, my, ..., Mmuyy, k)} yields

M(A(my, my, ..., Myyp)hihy - hy)(hy)

< sup /¢(h,ml,mz,...,mn+1,k,h’)V(dh')
VGZ(hk)

(7.12)

forevery (h,my, my, ..., My, k)€ Hx 0" x N.
Define ¢,: H x N — P(H) by setting

V/((hl,hz,...,hk,x*,x*,...),
(7.13)  ¢u(h, k) = mi, mi(h), ..., m (h), k) if k> ta(h),
V(he) if k <1a(h),

where ¥: X — P(H) is an analytically measurable selector for ¥ regarded as
a subset of X x P(H), and x* is a fixed point in X .

Now it is easy to check that ¢, is universally measurable, adapted, and
on(h, k) € Z(hy) forevery he H and k€ N.

It follows from (7.9)-(7.13) and the property of ¢ mentioned immediately
after (7.10) that forany h € H,

/ TA(m], m(R) s .., 15 () an()ey iy ()
(h;,,,(,[q,,(h)])ﬁbn(h » Tn(h))(dh')

> M(A(m}, m3h), ..., My (0)aa(h))(he,) = s
> WA}, m3(h), ..., mi(0)an(W)(hs,) = o

where the last inequality is by virtue of (7.7) and (7.8). Condition (d) of Lemma
7.2 now follows from the previous inequality by observing that

A((mi, m3(h), ..., my, 1 (h)gn(h)

is contained in K, ¢g,(k) and thatK,,g,(h) is determined by time 7,,[g.(4)].
This completes the proof of Theorem 7.1. O

8. PROOF OF THEOREM 1.1

It is now an easy matter to deduce Theorem 1.1 from Theorem 7.1. So let
us return to the setting of §1. First, assume that X = 2¢, T is an analytic
gambling house on X, and A is an analytic subset of H =X x X x ---. For
each x € X, let £(x) denote the set of probability measures on the Borel
sets of H induced by universally measurable strategies available at x . It was
observed by Dellacherie [3] (see also Sudderth [23]) that X is an analytic subset
of X x P(H). Furthermore, X is a global gambling house of the type that was
considered in §§3-7. By a result in [15, p. 160], we can choose a € w® (indeed,
a can be chosen in 2¢) such that both 4 and X are X}(a) sets. Since the
global gambling house X is Z!(a), we modify the set function M introduced
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in (4.2). Define a new set function M as follows:

ﬁ(E;xlaxZ"'-axk;x)
(8.1) =inf{M(0)(x): OisaAl((a, x1, X2, ..., Xk, X)),
open set containing Ex;Xx; - - - Xx }

for any Z{(a) sc_:_t_E C H and x;, x3,..., X, X € X. Abbreviate the left
side of (8.1) by M(Ex;, x3 -+~ x;)(x).
Relativize Theorem 7.1 to «. This yields

for every x € X . But
M (4)(x) S M(A)(x),  xeX,
since a Al((a, x)) set is Borel. So
M*(4)(x) < M(4)(x)

for every x € X. The inequality in the reverse direction being obvious, we
have proved Theorem 1.1 when X =2¢.

To complete the proof, suppose that X is a Borel (or even analytic) subset of
a Polish space. By the Borel isomorphism theorem, we may regard X without
loss of generality as an analytic subset of 2% and also suppose that X # 2¢.
Identify each element u of P(X) with the unique element of P(2%) whose
trace on X is u. It is now easy to see that P(X) is (can be identified with) an
analytic subset of P(2) and hence that I is an analytic subset of 2% x P(2%).

Fix x* € 2 — X and define a new gambling house I" on 2% as follows:
f'(x) _ { I'(x)u{d(x*)} %fx e X,
{5(x*)} ifxe2?-X.

Since the set I'g = {(x, d(x*)) € 2 x P(29): x € 2%} is Borel in 2% x P(2%)
and I =T UTY, it follows that T isan analytic subset of 2“ x P(2%). Hence
T is an analytic gambling house on 2% . Let M denote the optimal reward
operator associated with I andlet H=2°x2?x---. Let A be an analytic
subsetof H=Xx X x---, x € X, and ¢ > 0. Plainly, 4 is analytic in H.
So by the result established for 2 in the previous paragraph, there is a Borel,
open subset @ of H such that O’ contains A and

M(O)(x') < M(A)(x) +¢.

Let O=0'NnH,so O is Borel and open in H and contains 4. Since 4 C H
and x € X it is easy to see that M(A)(x) = M(A4)(x). Hence,

M(0)(x) < M(0')(x) < M(A)(x) +¢.
This completes the proof of Theorem 1.1. O

We conclude this section with the observation that Theorem 1.1 implies a
genuine “capacitability” result for the set functions M*(-)(x), even though
M*(-)(x) need not be a capacity [13].
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Theorem 8.1. For every x € X and analytic subset A of H,
M*(A)(x) = sup{M*(K)(x): K C A&K is T, -compact} .
Proof. Since M* is monotone, only the equation < needs to be established.

This follows from Theorem 1.1 and the following string of inequalities:
M(A)(x)= sup o(4)
0EX(x)
= sup sup{o(K): K C A&K is T)-compact}
gEX(X)
= sup sup {o(K): K C A&K is T\-compact}
gEX(X)
= sup{M(K)(x): K C A&K is T;-compact}
< sup{M*(K)(x): K C A&K is T;-compact}. O

9. ADEQUACY OF MEASURABLE STRATEGIES

The gambling theory of Dubins and Savage [4] takes place in a very general
finitely additive framework in which a player is permitted to use nonmeasurable
strategies. An interesting question, which was posed by Dubins and Savage, is
whether a player can do better if allowed to use nonmeasurable strategies or
whether, to the contrary, measurable strategies are adequate. The main result
of this section is that for a wide class of gambling problems nonmeasurable
strategies do not give the gambler any advantage.

Suppose that I" is a gambling house on a Borel subset X of a Polish space.
Assume that every gamble y available in I' is defined on all subsets of X as
a finitely additive probability measure, whose restriction on the Borel subsets
of X is countably additive. Identifying each gamble with its restriction to the
Borel sets of X, we can regard I" as a subset of X x P(X). As in §1, we will
assume that I" is an analytic subset of X x P(X).

Given an analytically measurable set 4 C H, we can evaluate o(4) for
strategies o which are not necessarily measurable by using the Dubins and
Savage definition of the measure ¢ as extended by Purves and Sudderth [18,
Theorem 5.3]. If the strategy o is measurable, and A4 is as above, then o(A)
has the same value when calculated in either setting.

We will denote the optimal reward operator when both measurable and non-
masurable strategies are allowed by I'.

Theorem 9.1. If X is a Borel subset of a Polish space, I an analytic gambling
house on X , and A an analytic subset of H=XxX x---, then I'(4) = M(A).

Proof. It was observed in the course of the proof of Theorem 7.2 of [12] that
M(0O) =T(0) for any Borel, open set O. It therefore follows from Theorem
1.1 that, for any x € X,

M(A)(x) = inf{M(O)(x): O 2 A& O is Borel, open}
> inf{I"(0)(x): 0 2 A& O is open} > I'(4)(x).

Since the inequality in the opposite direction is trivial, the theorem is proved. 0O

The rest of this section will be devoted to the extension of Theorem 9.1 to
bounded, upper analytic functions on H (Theorem 1.2). The proof uses ideas
from Monticino [14] (see, in particular, Theorem 4.2 in [14]).
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As in Theorem 1.2, assume that g is a bounded, upper analytic function on
H . For any strategy o, measurable or not, 0g = [ gdo is well defined, since
g is analytically measurable. For the same reason, if ¢ is measurable, then the
value of g, whether computed in the finitely additive or countably additive
mode, is the same.

The first step in the proof of Theorem 1.2 is the uniform approximation of g
by an upper analytic function with only finitely many values. Assume without
loss of generality that 0 < g <1 and fix € > 0. Let n(e) be the least integer
n such that ne > 1 and, for n=1,2, ..., n(e), define 4" ={he H: g(h) >
ne}. Then set

g=¢ld' + A2+ + 49,
where we are denoting the indicator function of the set 4’ by the symbol A’.
The A’ are analytic. Thus g is upper analytic with values in {0, ¢, 2¢, ...,
n(e)e} . Moreover, § < g< g+e.

Thus, it suffices to prove Theorem 1.2 for g and, consequently, for ¢~ !'2.
So, without loss of generality, assume from now on that

(9.1) g=A"+ A2 +... 44",

where A! D A2 D ... D A" are analytic subsets of H .

The next step is an approximation of each analytic set 4 by an analytic,
G5 set G as was essentially done in §6. Fix the analytic set 4 C H and let
O<e<l.

Define

B =B,(4) = {p € X": T(4p)(I(p)) > 1 — ¢},
where /(p) is the last coordinate of the finite sequence p and X* = J,,cy X™.
By virtue of Theorem 9.1, the set B would be the same if we replaced I" by M

in its definition. Consequently, B is an analytic subset of X* (see the proof
of Lemma 6.3). Next define the analytic G5 set

G = G.(A) = {h € H: p,(h) € B infinitely often}.

Lemma 9.2. Forall xe X, I'(An(H - G))(x)=0.

Proof. Suppose, by way of contradiction, that, for some x and ¢ available at
X,
o(AN(H-G))>0.

By the finitely additive Levy 0-1 law [20],
alpa(M)1((A N (H — G))pa(h)) — 1

for og-almost every h € AN (H — G). Hence, there is an # € H — G such
that o[p,(h)](Ap.(h)) > 1 — ¢ for infinitely many n. Since I'(Ap,(h))(h,) >
a[pn(h))(Apn(h)), h € G, which yields the desired contradiction. O

Now, for each 4’ occurring in (9.1), define
(9.2) B;=B,(4'),  G;=Gy(4").

Notice that By D B, D2 ---D B, and G, 2 G, D --- 2 G,. Now define g on
H and u, on X* by

ge:Gl+GZ+‘”+Gn, u. =B, +By+---+B,.
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We note that both g, and u, are upper analytic functions. Finally, define, for
XxXeX,

(Tug)(x) = sup {/ue(p,)da: o available at x, ¢ a stop rule} .

The notation Tu, is consistent with that in [5] if we pass to the “partial history
house.” In particular, the result of Strauch [22], as modified in [5, Lemma 4.2],
implies that (T'u,)(x) would have the same value if the supremum were taken
only over measurable ¢ available at x and Borel stop rules ¢.

The final steps of the argument will show that

g <Tg <Tu.<Mg+ (n+1)e.

This will suffice to complete the proof of Theorem 1.2 since ¢ is arbitrary, n
is fixed, and, obviously, Mg <TIg.

Lemma93. I'g<TIg.
Proof. Let x € X and o be available at x. Then
og=0(A")Y+0a(4)+-- +0(4")
<a(G)+0a(Ga)+--+0(Gp) =08,

where the inequality holds because, for each i, g(4'N(H —-G;)) = 0 by Lemma
92. O

Lemma 94. I'g, < Tu,.
Proof. First notice that, for each 4,
8(h) = Gi(h) + Ga(h) + -+ - + Gn(h)
= @Bn(m(’l)) +m32(17k(h)) +"‘+@Bn(l7k(h))

= m(lse1 + By + -+ By)(pi(h)).

To check the final equality, recall that By 2 B, D --- D B, so that g.(h) = m if
and only if limy By (px(h)) =--- = llm,c ( (h)) =1 and limy By, (p(h))
- = limy By(pi(h)) =0 for m=0,1,
Now, for any ¢ available at x,

g = /@(Bl + Byt + By)py) do = /@ue(pmda

= @/ue(p,)da < sup/ug(p,)da.
t

Here the final equality is a trivial variation of the Fatou equation [17, Theorem
10.4] (see also [24] for a proof of a countably additive version of the Fatou
equation; this proof can be adapted to the finitely additive setting by using the
finitely additive Levy 0-1 Law [20]). Take the supreumum over ¢ available at
X to finish the proof. O

Lemma 9.5. Tu, < Mg+ (n+ 1)e.

Proof. Fix x € X . By virtue of the remark immediately following the definition
of Tu,, we can choose a measurable ¢ available at x and a Borel measurable
stop rule ¢ such that

/ue(p,)d& > Tu(x)—¢.
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Next we use a selection theorem [12, Lemma 2.1] to obtain analytically mea-
surable mappings G;: X* — P(H) such that G,(p) € £(/(p)) and, if p € By,
then

ok (p)(AFp) > 1 —¢
for k=1,2,..., n. Then define, for p € X*,

a(p) =0a(p)  if p€ By,
an—l(p) lfp € Bn—l - Bn 5

1(p) if pe B, — By,
1(p) (say) elsewhere .

Then & is analytically measurable from X* to P(H). Furthermore, since
A D 42D ... D A", it follows that

g(p)4kp)>1—-¢ if pe By
for k=1,2,..., n. Consequently,

(p)(gp) =T(p)((A' + 4>+ + A™)p,)
> (B1+ By + -+ By)(p;) — ne = ug(p;) — ne.

Now let o be the measurable strategy available at x which agrees with &
prior to time ¢ and satisfies a[p,(h)] = G(p;(h)) for og-almost all #. Then

Me(x)> og = [(pi)(ep)do
> /us(p,)d& —ne>Tu(x)—(n+1)e. O

We remark that it is consistent with ZFC that Theorem 9.1 does not extend to
coanalytic sets. Indeed, under the assumption that there exists a non-Lebesgue
measurable PCA subset of [0, 1], Monticino [14] constructed a Borel gambling
house I" on a Polish space such that there is a coanalytic set C C H with
I'(C) # M(C). In other words, for some initial fortune x, nonmeasurable
strategies provide a distinct advantage over measurable strategies. It also follows
that M*(C)(x) > M(C)(x) for some x € X .

10. APPROXIMATING FUNCTIONS

In this final section we prove an approximation result for bounded, upper
analytic functions on the set H of histories, which is analogous to the result
for sets proved in Theorem 1.1.

A subset of H which is a countable intersection of Borel, open subsets of
H will be called a special G set. The following theorem is the approximation
result for functions.

Theorem 10.1. Let T' be an analytic gambling house on a Borel subset X of a
Polish space. If g is a bounded, upper analytic function on H, then

(M g)(x) = inf(M f)(x),
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where the infimum is over all functions f: H — R such that f > g, f takes

on finitely many values, and {f > c} is a special G5 for every c € R.

Proof. Tt follows by virtue of the arguments of the previous section that it
suffices to prove the theorem when g is given by (9.1). Fix ¢ > 0 and x €
X . Let the sets G; be defined by (9.2). Recall that each G; is a countable
intersection of analytic, open sets, and that, by virtue of Lemma 9.2,

M(A'N(H-G;))(x)=0 forall xeX.
We now need a lemma.

Lemma 10.2. There exist special G5 sets G, i=1,2,...,n, with the Sollow-
ing properties:

(a) 612@22"'26,;,
(b) G,-Q~G,~,~i=l,2,.~..,n,and
() M(Gi+Gy+ -+ Gp)(x0) MG+ G+ -+ Gp)(xo) + €.
Proof. Let
D={(h,a)e Hx][0, n]: Gi(h) + Gy(h) +--- + Gn(h) > a}.

Plainly, D is analytic in H x [0, n]. So, By Corollary 4.4 in [12], there is a
Borel subset E of H x [0, n] such that D C E and

(10.1) sup (6 x A)(E)< sup (0 xA)(D)+e¢,

gEX(xg) g€Z(xp)

where A is Lebesgue measure on [0, n]. Set ¢(h) = A(E), h € H. Clearly,
then, ¢ is Borel measurable, ¢ > G| + G, + --- + G, , and, because, of (10.1),

(M@)(x0) < M(Gy + Gy + -+ Gp)(x0) + €.

Let C;={¢>i}, i=1,2,...,n,s0 C; 2 G;. Hence, by the proof of
Qorollary 6.8 in [12], there is a special G5 set F; such that C; D F; D G;. Let
Gi=FnFkKn---NnF;, i=1,2,...,n. Then it is straightforward to verify
that the sets G; satisfy conditions (a)-(c) of the lemma. O

To continue with the proof of Theorem 10.1, let 61 , 62 e (7,, be as in
Lemma 10.2. It follows that 4'N (H — G;) € AN (H — G;) so that

M(A'N(H - G,))(x0) =0.
Since A'N(H - éi) 1s analytig, we can apply Theorem 1.1 to get a Borel, open
set O/ containing A' N (H — G;) such that
M(O))(xo) < &/n?, i=1,2,...,n.

Set 0;=0;U0;,,U---U0,,so O; is Borel, open, O, 2 G, 2 --- 2 O, and,
by [13, Lemma 2.1],

M(0;)(x0) < M(0;)(x0) + M(O,,)(x0) + -+ + M(0,)(x0) < &/n,
i=1,...,n.

Define

f=Gi+Gi+ - +Gut+ O+ 0+ + Oy
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Since 4! C G, U O;, it follows that f > g. Clearly, f takes on finitely many
values and {f > ¢} isaspecial G5 forevery c € R. Finally, forany ¢ € Z(xo),

af:a(61+62+. Gp)+0(0) +0(O) + -+ 6(0)
<G+ G+ +Gn)+ M(Ol)(xo) + M(0y)(x0) + -+ - + M(Oy)(xo)
<a(Gi+Gy+--+Gn) +

Now take the sup over g € Z(xp) to get

(Mf)(x0) < M(Gy + Gy + -+ Gp)(x0) + ¢
SMG+Gy+-+Gp)xo) +2e < (Mg)(xp) + (n+ 3)e.

where the second inequality is by Lemma 10.2 and the final equality is by virtue
of Lemmas 9.4 and 9.5. Since n is fixed and ¢ is arbitrary, this completes the
proof of Theorem 10.1. O

According to Theorem 1.1, for any analytic subset 4 of H andx € X,
M(A)(x) can be approximated by M(O)(x), where O is a Borel, open set
containing A. It would be reasonable to conjecture from this that if g is a
bounded, upper analytic function on H, then (M g)(x) can be approximated
by (M f)(x), where f > g and {f > c} is a Borel, open set for every ¢ € R.
We conclude with an example which shows that this conjecture is false.

Example. Let X = {0, 1, 2,3}, T'(0) = {6(1)}, T(2) = {6(2)}, T(3) =
{6(3)}, and T(1) = {d(1), 36(2) + $6(3)}, where d(x) denotes point mass
at x. Let G; = {h € H: h, = i infinitely often}, i = 1,2. Let g =
G, +2(G2 - Gy). It is easy to see that (Mg)(0) = 3. Now let f be a function
on H such that f > g and {f > c} is open for every ¢ € . Then the
set {f > 1} is open and contains G,. Let 7 be a stopping time such that
{f > 1} = {t < 0o}. Consider now the history h=(1,1,...). Then h € G,
so 7(h) is finite. Suppose that t(h) = n. Define a strategy o available at O as
follows:

oo =9d(1),
and for i > 1,
(1) if (x;=0)or (x;=1&i#n),
Oi(X1, X2, .0, Xi) = § O(Xi) if x;=2o0r3,
26(2) +16(3) ifxi=1&i=n.

It is now easy to see that a({f > 1}) =1 and o({f > 2}) > 0(G, — Gl) =
Consequently,

(MO 20f>0({f 21 +0({f22})>3. O
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